Abstract. We construct tri-qubit genuinely entangled states which have positive partial transposes with respect to bi-partition of systems. These examples disprove a conjecture [12] which claims that PPT mixtures are necessary and sufficient for biseparability of three qubits.
Introduction
The notion of entanglement is now considered as one of the key resources in quantum information and quantum computation theory, and it is an important research topic to distinguish entanglement from separability. It is known [2, 13] that a separable state is of PPT, that is, the partial transpose of a separable state is still positive. This PPT condition is also sufficient for separability in the low dimensional bi-partite cases, like bi-qubit and qubit-qutrit systems [8, 15] . In the tri-qubit case, it was conjectured in [12] that bi-separability is equivalent to being a PPT mixture. This conjecture is supported by several classes of states; graph-diagonal states [4] , permutationally invariant states [12] and X-shaped states [7] . The purpose of the paper is to construct analytic examples to disprove this conjecture for general cases. Note that numerical evidence for such states has been mentioned in the supplemental material of [14] .
A multi-partite state ̺ in
is the convex combination of pure product states onto product vectors, where M d denotes the algebra of all d × d matrices over the complex field. For a given bipartition S ⊔ T of the set [n] := {1, 2, . . . , n} of indices, ̺ is said to be S-T bi-separable if it is separable as a bi-partite state in
, and just bi-separable if it is the convex combination of S-T bi-separable states through bi-partitions S ⊔ T . A multi-partite state is called genuinely entangled if it is not bi-separable.
The notion of PPT mixture is defined in the exactly same way. For a given bipartition S ⊔ T , a multi-partite state ̺ in
, and is called a PPT mixture [9] if it is the convex combination of S-T bi-PPT states through bi-partitions S ⊔ T .
1
We begin our construction with the example of a nonextendible positive linear map from M 2 into M 4 given by Woronowicz [16] . In the next section, we show that the Choi matrix W of this map is a tri-qubit genuine entanglement witness: W is a non-positive self-adjoint 8 × 8 matrix satisfying
for every tri-qubit bi-separable state ̺. Nonextendibility of the map implies the exposedness [17, 3] , which implies again that both W and its partial transpose W Γ have the spanning property, where we take partial transpose with respect to the bi-partition [10] . Therefore, there exist A-BC bi-separable states ̺ 1 with the properties:
• both ̺ 1 and ̺ Γ 1 have the full rank. We consider the convex set S consisting of all A-BC bi-separable states, and the face of S consisting of all ̺ ∈ S with ̺, W = 0. This face turns out to be maximal, and every interior point of this face actually satisfies these conditions. Now, we take
Id 8 which is located at the center of the whole things, and consider the line segment
We may extend this line segment to get A-BC bi-PPT states ̺ λ with λ > 1. Then, this is obviously a tri-qubit PPT mixture which violates the inequality (1). This is the outline of our construction. In the Section 3, we construct an analytic example which is based on the example of a separable state ̺ 1 with the above conditions constructed in [5] , where Woronowicz map has been generalized with several parameters.
The authors are grateful to Otfried Gühne for bringing their attention to the reference [14] .
Genuine entanglement witnesses
In order to express entries of multi-partite entanglement witnesses in the tensor product n i=1 M d i , we will use multi-indices. A multi-index i on a nonempty subset S of [n] = {1, 2, . . . , n} is formally a function from S into nonnegative integers with 0 ≤ i(i) < d i (i ∈ S), which will be denoted by a string of integers in the obvious sense. For a multi-index i = i 1 i 2 . . . i #S on S, we also use the notation
where #S denotes the cardinality of S.
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For a given bi-partition S ⊔ T = [n], any entanglement witness W in i∈[n] M d i is written by
in a unique way, where I S denotes the set of all multi-indices on the set S. For given multi-indices k, l on T , the (k, l)-entry
where i⋄k is the multi-index on [n] given by (i⋄k)(i) = i(i) for i ∈ S and (i⋄k)(i) = k(i) for i ∈ T . Since the set {|i j| : i, j ∈ I S } plays the role of matrix units for i∈S M d i , we can define the linear map
If n = 2 and S = {1}, W is the usual Choi matrix [1] of the linear map φ
It was shown in [7] that W satisfies the inequality (1) . Now, the Choi matrix of the Woronowicz map [16] is given by
where · denotes 0, if we endow multi-indices with the lexicographic order. The linear
is the original positive map of Woronowicz [16] which sends X = x y z w to
On the other hand, the linear maps φ B,CA W and φ
respectively. Now, we proceed to show that φ 2 ) > 0, 
Construction
Since W and its partial transpose W Γ with respect to the bi-partition A-BC have the spanning property, we can choose finitely many product vectors |z i = |x i ⊗ y i := |x i ⊗ |y i with the properties:
• both {|x i ⊗ y i } and {|x i ⊗ y i } span C 2 ⊗ C 4 .
Finally, we consider
, we see that ̺ is an unnormalized A-BC bi-PPT state with rank(̺) = 7 and rank(̺ Γ ) = 8. Furthermore, we see that ̺, W = −17λ ̺ 1 < 0 with the tri-qubit genuine entanglement witness W in the previous section. Therefore, we conclude that
̺ is an example of a tri-qubit PPT mixture which is not bi-separable. In conclusion, we have constructed a genuinely entangled state which is a PPT mixture.
